Introduction
A positive number n > 0 is called perfect if it is equal to the sum σ (n) − n of its proper divisors. Some classical papers on perfect numbers were written by Peirce [3] , Servais [5] , and Sylvester [7] in the 19th century. More recently, Weisstein [9] lists many other properties of the perfect numbers including Makowski's result [2] that 28 is the only even perfect number that exceeds a cube by one. It is natural to wonder whether the result holds for all perfect numbers. More generally, we can ask whether 28 is the only perfect number n that is a sum of two non-negative cubes, say, n = x 3 + a 3 with a ≥ 0 and x > 0. This seems to be a very difficult question.
The object of this paper is (a) to prove that 28 is the only even perfect number that is a sum of two positive integral cubes; (b) to prove (case a = 0) that there are no perfect numbers that are cubes; (c) to describe a one parameter family of sums s of two cubes such that s is odd and σ (s) ≡ 2 (mod 4).
. Eine positive natürliche Zahl n heisst bekanntlich vollkommen, falls n gleich der Summe seiner echten positiven 
where t = 2 p−1 for some prime number p such that 2t − 1 is also prime. Observe that 2t − 1 > t and that gcd(t, 2t − 1) = 1. On the other hand, the most basic result about the form of a possible odd perfect number comes from Euler. Euler [1] proved that odd perfect numbers n have the form
with k ≥ 0 a non-negative integer, z > 0 a positive integer and y a prime number such that gcd(y, z) = 1 and y ≡ 1 (mod 4). This is indeed an easy consequence of the fact that σ (n) ≡ 2 (mod 4); where σ (n) denotes the sum of all positive divisors of n.
Let n be an odd perfect number. Touchard [8] proved that either
2 The only even perfect number that is also a sum of two cubes is 28
Assume that the even perfect number n is a sum of two cubes:
for some integers x > 0 and a ≥ 0. In particular a and x have the same parity. Let δ be the discriminant of
Let us assume now that a > 2. The case a ∈ {0, 1, 2} will be considered later. Thus, from (1) we see that
Since (4) has integral roots x and a + 2 − x the discriminant = −3a(a − 4) of the quadratic
2 must be a perfect square. It is easy to see that is non-negative exactly when a ∈ {0, 1, 2, 3, 4}. So it remains to consider the cases a ∈ {3, 4}. If a = 3 then x ∈ {4, 1}. But n is even so x = 1. Thus, x = 1 and a = 3. In other words, we get the perfect number n = 28. If a = 4 then x = 3. This is not possible since a and x have the same parity. Now we discuss the case a ∈ {1, 2}. Observe that if x + a ≥ x 2 − ax + a 2 then we must have x + a > x 2 − ax + a 2 since the perfect number n = (x + a)(x 2 − ax + a 2 ) is never a square. Take a = 2. Thus x + 2 > x 2 − 2x + 4. But this is not possible for an integer x. It remains only the case a = 1. In this case we have as before x + 1 > x 2 − 2x + 1. This is true only for x = 1. So a = 1 and x = 1. But n = x 3 + a 3 = 2 is not perfect. Finally, observe that a = 0 is not possible since 3 does not divide the exponent 1 of the prime 2t − 1 in n = t (2t − 1). Thus, n is not a cube. This proves the result.
A perfect number cannot be a cube
We have just seen that an even perfect number cannot be a cube. We assume in the rest of the section that n = x 3 is an odd perfect number. We will get a contradiction by considering the equality σ (n) = 2n (mod 12). 
It follows from (2) that
3.1 Case 1: gcd(3, n) = 1
From (3) we get 2n ≡ 2 (mod 12). Now we compute the value of the right hand side of (5) modulo 12. First of all (3) implies p ∈ {1, 5} (mod 12) for the Euler prime p. So
when p ≡ 1 (mod 12) and
when p ≡ 5 (mod 12), since trivially 5 2 ≡ 1 (mod 12).
Observe that q i > 3 is an odd prime. So q i ∈ {1, 5, 7, 11} (mod 12). Thus, q 2 i ≡ 1 (mod 12). In other words q 
when q i ≡ 1 (mod 12).
Observe that a i ≡ 1 (mod 12) when q i ≡ 7 (mod 12) or when q i ≡ 11 (mod 12). We have also a i ≡ 6α i + 1 (mod 12) when q i ≡ 5 (mod 12).
Moreover, observe that for any integer x, either 6x + 1 ≡ 1 (mod 12) or 6x + 1 ≡ 7 (mod 12). Thus, for all i one has σ (q
Observe that z ∈ {−2, 7} (mod 12) and y ∈ {1, 7} (mod 12) implies zy ∈ {−2, 1, 7} (mod 12). Thus,
This contradicts (3) that gives 2n ≡ 2 (mod 12); thereby proving the result.
Case 2: gcd(3, n) = 0
Observe that
Hence, as before, we get σ (n) ∈ {−2, 1, 7} (mod 12).
But (3) implies that 2n ≡ 6 (mod 12). So we get the contradiction σ (n) = 2n. This completes the proof that an odd perfect number cannot be a cube.
Our main result about a family of perfect candidates that are sums of two cubes
First of all a technical and useful lemma follows: 
Proof. We choose r = p, A = 2, B = 3 2s−1 , and x = 4k + 1 in order to have
We get P Q = 6 since P Q is the largest squarefree divisor of AB. Thus, in order to have the condition δ = (AB/P) 1/2 is integral fulfilled, we are forced to take P = 6 and Q = 1. Hence, δ = 3 s−1 .
It then follows from [4, Theorem 3, p. 219] that
But x is odd. So, x = 1 and k = 0. Another proof is to choose x = 2r − 1, y = 1, n = p, z = 4k + 1 in [4, Lemma 2, p. 228] so that we have
We get as before k = 0.
Our main result (whose proof is an immediate corollary of Lemma 4.1 and a check of the formulae) is then: 
is a prime number. In all cases we have w(r ) ≡ 1 (mod 4), so that p(r ) ≡ 1 (mod 4), and
In other words there is a one parameter family {n(r )} of integers such that n(r ) ≡ 1 (mod 4). Moreover if p(r ) is prime then n(r ) satisfies the necessary condition (2) to be a perfect number. Furthermore, n(r ) is a sum of two cubes for each r .
It is then of some interest to obtain the r 's for which p(r ) is a prime number. We have (8) contains sixteen elements. We have examined all possible r 's up to 38338. This took some time, e.g., about 2 hours CPU to test each possible candidate r when r is close to, say, 30000. This was done on a 8 processor linux machine running command line cmaple 11. We do not know if a r = p(r ) is a prime number for an infinity of r 's. Compare with sequence A134753 in Sloane's database [6] .
Observe that n(r ) is perfect if and only if
We deduce from (9) that if n(r ) is perfect then the prime p(r ) divides the product σ (3 4r ) · σ (m(r ) 2 ).
Indeed, we checked (in about only 15 seconds) that for all r ∈ L the corresponding n(r ) is not perfect since the prime p(r ) does not divide σ (m(r ) 2 ).
In order to show that this suffices we claim that if n(r ) is perfect then p(r ) does not divide ρ = σ (3 4r 
